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Comment on "Methods of
Design Sensitivity Analysis in

Structural Optimization"

Garret N. Vanderplaats*
Naval Postgraduate School, Monterey, Calif.

E Ref. 1, Arora and Haug present three methods for
miputing gradients, demonstrating that their own is

superior to the other two. Unfortunately, their paper has two
drawbacks. First, they chose a nomenclature which is so
different from that used by most people in this field that it is
almost incomprehensible. Second, by creating something of a
science out of chain-rule differentiation, the most significant
contribution of their paper may be easily overlooked. That is
that the order of matrix operations has a significant effect on
computational efficiency.

To clarify this, consider the computation of the gradient of
a constraint with respect to a design variable, using more
familiar nomenclature.

Finite-element analysis requires the solution of the matrix
equation

Ku = P

where K is the stiffness matrix, P is a vector of applied loads,
and u is a vector of joint displacements. Note that multiple
loading conditions are considered simply by adding P and u
vectors. We know K and P and must solve for the
displacements u as

u=K-*P

where it is understood that we will not actually invert K, but
will use the most efficient linear equation solver at our
disposal.

Now in design we define some constraint parameter,

(1)

where X is a vector containing the independent design
variables. There will usually be many such constraints. One
example is a stress constraint

Taking the partial derivative of g with respect to design
variable*/ yields

= _
dXj du dXj (2)

where df/dii and du/dxt are vectors of the same dimension as
vector it.

Remembering that Ku = P

dK du dP

so
du ( dP dK

= */ v^i
Substituting this into Eq. (2) gives

du dxf

(3)

(4)

If we retain all terms, all three methods presented by Arora
and Haug come to the above equation, proving that a gradient
is a gradient!

Now consider an operation count on the matrix
multiplication here. Let N be the number of displacement
degrees-of-freedom, NDV the number of independent design
variables, NG the number of constraints g, and NLC the
number of separate loading conditions. Now look at the
operations for the last term in Eq. (4)

IT*-'du
dK

NGxN NxN NxNLC NxN NxNLC

All components of this matrix operation must be calculated in
each of the three methods. Therefore, the only difference is
the sequence in which this matrix operation is performed.
Arora and Haug make a definite contribution in recognizing
this fact.

To clarify this further, write the matrix operation in the
compact form

ATK~!B

The operation may be performed in either of two ways:

AT(K~1B)=ATC C computed from KC=B

where a/, is the stress in element / under load condition./ and a
is the allowable stress. In general, both au and a may be
functions of the design variables X and the displacements u
(which are in turn functions of X) .

or
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(ATK~1)B=DTB D computed from KD—A

This operation is for the /th design variable, so A and B must
be computed NDV times.

Therefore, assuming there is an active constraint in each
loading condition, solution for C requires NDV*NLC right-
hand sides in the KC=B operation. On the other hand,
solution for D requires NG right-hand sides in the KD=A
operation.
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If we want gradients for only a few g's, the second ap-
proach is clearly most efficient. Arora and Haug make the
assumption that NG is always small compared to NDV*NLC.
In a real design situation where we are setting up an ap-
proximate design problem, either for hand calculations or for
optimization, this may not be true since NG will be the
number of constraints retained for design consideration. In
any case, the message is that the order of the matrix operation
should be determined at the time it is done, based upon a
comparison of NG and NDV*NLC and the computational
cost of each ordering. In terms of total computational effort
to analyze the structure and compute gradients, the time
difference should not be as significant as we are led to believe.

Based upon the discussion, the following conclusions seem
to be in order;

1) A gradient is a gradient, no matter how it is calculated.
In suggesting that their method is more general, Arora and
Haug are only saying that they retain more terms. Certainly
the referenced investigators are qualified to do the same if
they need the additional terms.

2) The conclusion that their method is up to ten times faster
is valid so long as we understand that they are talking about
one part of the total computational effort.

3) It is important to remember that the order of a matrix
operation is criticial to the computational efficiency of
performing that operation.
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Reply by Authors to G.N. Vanderplaats

Jasbir S. Arora* and Edward J. Haugt
The University of Iowa, Iowa City, Iowa

TN responding to Vanderplaats' Comment, we would first
JLlike to agree with his operations count and the observation
that the order of matrix computation can lead to a com-
putational advantage of up to a factor of ten for the state
space method over the design space method for "one part of
the computational effort." It is worth noting that for many
constraints, such as displacement and stress constraints for
constant strain elements, this "one part of the computational
effort" is the only computational effort needed for gradient
calculations.

There are some points in Vanderplaats' Comments with
which we disagree. First, the main point of our paper was that
the state space method, which has been a principal tool of
optimal control theory for two decades,1'2 unifies design
sensitivity analysis in the field of structural optimization. Our
paper shows that the excellent design derivative analysis
method of Venkayya and co-workers3"9 can be viewed as a
special case of the adjoint variable, state-space method of
design sensitivity analysis. Thus, the unified state space
method developed by Bryson2 for optimal control and
adopted by the writers10 provides a general approach for
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design sensitivity analysis in a wide variety of structural and
mechanical system design problems. Vanderplaats' in-
terpretation of the state space method of design sensitivity
analysis as "a science of chain rule differentiation" is un-
fortunate and worthy of clarification.

In addition to being directly applicable for static response
problems, which was the focus of our paper, the method leads
directly to an algorithm for design sensitivity analysis and
optimization of structures and vibration isolators under
dynamic loads.11'13 The method is also ideally suited for
incorporation with the substructuring method of structural
analysis.10'14 More recently, the method has been applied for
design sensitivity analysis of large-scale, nonlinear
mechanisms and machines.15 Finally, the state space method
is directly applicable to structures whose displacement is the
solution of partial differential equations.10'13'16 For such
distributed parameter problems, the state space approach
outlined in our paper is used with integral scalar product for
design sensitivity analysis of systems described by differential
equations, which generalize the matrix method of our paper.
Thus, the state space method we present carries over to
general structural and mechanical systems described by
differential equations, whereas the direct differentiations used
in the design space method are meaningless or impractical.
Thus, much as in the case of optimal control theory,2 there is
indeed a systematic theory of design sensitivity analysis of
broad classes of structural and mechanical systems, which is
hardly as simplistic as a "science of chain-rule dif-
ferentiation."
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